Centralizers in endomorphism rings 



Vesselin Drensky, Jeno Szigeti, and Leon van Wyk 

Abstract. We prove that the centralizer Cen{ifi) C Homfl{A/, M) of a nilpo- 
tent endomorphism (p of a finitely generated semisimple left ij-module nM 
(over an arbitrary ring _R) is the homomorphic image of the opposite of a cer- 
tain Z(i?)-subalgebra of the full m X m matrix algebra Mm{R[z]), where m 
is the dimension (composition length) of ker(ip). If ij is a local ring, then we 
provide an explicit description of the above Cen(ip). If in addition Z{R) is a 
field and R/J{R) is finite dimensional over Z(R), then we give a formula for 
the Z(i?)-dimension of Cen((/3). If R. is a local ring, (p is as above and a £ 
Homi{(M, M) is arbitrary, then we give a complete description of the contain- 
ment Cen(y5) C Cen(CT) in terms of an appropriate _R-generating set of rM. 
Using our results about nilpotent endomorphisms, for an arbitrary (not nec- 
essarily nilpotent) linear map ifi € Hom/f (V, V) of a finite dimensional vector 
space V over a field K we determine the Pl-degree of Cen((p) and give other 
information about the polynomial identities of Cen((p). 



1. INTRODUCTION 

Our work was motivated by one of the classical subjects of advanced linear 
algebra. A detailed study of commuting matrices can be found in many of the text 
books on linear algebra ([9, 10]). Commuting pairs and fc-tuples of n x n matrices 
have been continuously in the focus of research (see, for example, [5, 6]). If we 
replace nx n matrices by endomorphisms of an n-generated module, we get a more 
general situation. The aim of the present paper is to investigate the size and the 
PI properties of the centralizer Cen^ip) of an element ip in the endomorphism ring 
RouirIm, M). 

In general, if 5 is a ring (or algebra), then the centralizer 

Cen(s) = {u ^ S \ us — su\ 

of an element s S 5* is a subring (subalgebra) of S. Clearly, Cen(s) satisfies all 
polynomial identities of S. However, Cen(s) may also satisfy some other polynomial 
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identities. Thus the study of the PI properties of Cen(s), particularly in the case 
of classical rings (e.g. matrix rings), deserves special attention. 

Following the observations of Sections 2 and 3 about the nilpotent Jordan 
normal base, Section 4 contains the following results about the centralizer Cen{ip) 
of a nilpotent endomorphism ip of a, finitely generated semisimple left i?-module 
rM (over an arbitrary ring R). 

In Theorem 4.8 we prove that Cen{(p) is the homomorphic image of the opposite 
of a certain Z(i?)-subalgebra of the full m x m matrix algebra Mm{R[z]) over the 
polynomial ring R[z], where m is the dimension (composition length) of ker((^). As a 
consequence, we obtain that Cen((p) satisfies all polynomial identities of M^{R[z]); 
in particular, if R is commutative, then the standard identity S2m = of degree 
2m holds in Cen((p). 

In Theorem 4.10 we obtain a complete characterization of Cen{(p) if i? is a local 
ring. 

In Theorem 4.11 we determine the Z(i?)-dimension of Cen{(p) in the case when 
R is local, Z{R) is a field and R/J{R) is finite dimensional over Z{R). 
Section 5 contains further results about centralizers. 

In Theorem 5.1 a complete description of Cen((p) is provided in terms of an 
appropriate i?-generating set of the finitely generated semisimple left i?-module 
nM (over an arbitrary ring i?), with if : M — > M a so-called indecomposable 
nilpotent i?-endomorphism. In particular, if R is commutative, then we prove in 
Corollary 5.2 that S Cen {(p) if and only if '0 is a polynomial expression of ip. A 
nilpotent linear map (or equivalently, a nilpotent n x n matrix) is indecomposable 
if and only if its characteristic and minimal polynomials coincide (see part (3) in 
Proposition 2.3). The following is a classical result about the centralizer (see [10]). 
If if is a field and the characteristic and minimal polynomials of a (not necessarily 
nilpotent) matrix A £ Mn{K) coincide, then 

Cen{A) = {f{A) \ f{z) e K[z]}. 

For an indecomposable nilpotent <p the mentioned corollary is a generalization of 
the above result. We note that the above result on Ccn(^) is similar to Bergman's 
Theorem ([1]) about the centralizer of a non-constant polynomial in the free asso- 
ciative algebra. 

In Theorem 5.3 the containment relation Ceii((p) C Cen((T) is considered. If 
i? is a local ring, (p is nilpotent and a € Homn^M, M) is arbitrary, then we pro- 
vide a complete description of the situation Cen{(p) C Cen{a) in terms of an ap- 
propriate i?-generating set of b.M- For two (not necessarily nilpotent) matrices 
A,B€ Mn{K), over an algebraically closed field K, the containment Cen{A) C 
Cen(B) holds if and only ii B = f{A) for some f{z) e K[z] (see [9] part VII, sec- 
tion 39) . For a nilpotent if our description of Cen((^) C Cen(cr) is a generalization 
of the above result. 

Section 6 is devoted to a study of the polynomial identities of the centralizer. 

An arbitrary (not necessarily nilpotent) linear map of a finite dimensional vector 
space, or equivalently, a matrix A £ Mn{K) over a field K will be considered. First 
we show that it suffices to deal with nilpotent matrices. 

In Theorem 6.1 the radical and the semisimple component of the centralizer 
Cen(A) of a nilpotent matrix A is determined. The proof of Theorem 6.1 is based 
on the explicit presentation of Cen(j4) in Theorem 4.10. 
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Corollary 6.2 is about the polynomial identities of the centralizer of a (not 
necessarily nilpotent) matrix A G Mn{K). The Jordan normal form of A over 
the algebraic closure of K is considered. If p is the maximum of the number of 
elementary Jordan matrices of the same size and with the same eigenvalue, and 
T{S) C K{xi,X2, ■ ■ ■) is the T-ideal of the polynomial identities of the algebra S, 
then T{Cen{A)) D T{Mp{K)Y for a suitable q, which also can be found explicitly. 
Hence the Pl-degree of Cen(A) is equal to p. 

Since all known results about matrix centralizcrs arc closely connected with 
the Jordan normal form, it is not surprising that our development depends on the 
existence of the nilpotent Jordan normal base of a semisimple module with respect 
to a given nilpotent endomorphism (guaranteed by one of the main theorems of 
[11])- 

2. THE NILPOTENT JORDAN NORMAL BASE 

Throughout the paper a ring R means a (not necessarily commutative) ring with 
identity, and Z[R) and J{R) denote the centre and the Jacobson radical of _R, 
respectively. Let : M — > M be an 7?-endomorphism of the (unitary) left -R- 
module rM. A subset 

{x^^i I 7 G r, 1 < i < /c^} C M 

is called a nilpotent Jordan normal base of rM with respect to if each R- 
submodule Rx^^i < M is simple. 



7er,i<i<fe, 



Rx^^i = M 



is a direct sum, (p{x^,i) = x-^^i^i , ip{xj,k-,) = 2;-y,fe.^+i = for all 7 G T. 1 < z < kj, 
and the set {kj | 7 G F} of integers is bounded. For i > fc^- + 1 we assume that 
x-y^i = holds in M . Now F is called the set of (Jordan-) blocks and the size of the 
block 7 G F is the integer kj > 1. Obviously, the existence of a nilpotent Jordan 
normal base implies that rM is semisimple and if is nilpotent with = ^ 
where 

n = max{A;^ | 7 G F} 
is the index of nilpotency. If rM is finitely generated, then 

'^k^ = dimR{M) 

is the dimension of rM (equivalently: the composition length of rM or the height 
of the submodule lattice of rM). Clearly, 

(p{M) =(p{ RXj^i = ^ R'p{x■y,^) = Rx^,^+l 

\7er,i<i<fe-, j 7er,i<i<fe^ 7er,i<i<fe-,-i 

implies that 

im((p) = ® Rx^i+i= © Rx-yii, 

l&T,l<i<k.^-\ 7er',2<i'<fc^ 

where 

r' = {7 e r I A;^ > 2} and r \ r' = {7 e r I fc^, = i}. 
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Any element u € M can be written as 

ier,i<i<ky 

where {(7,*) | 7 G T, 1 < i < fc-y, and a^^i ^ 0} is finite and all summands a^^iX^^i 
are uniquely determined by u. Since 

'yer,l<i<ky 76r,l<i<fe^ 

is equivalent to the condition that a^^iXj^i+i = for all 7 G F, 1 < i < /c^ — 1, we 
obtain that 

(p{u) = u = ^a^,k^x^,ky 

Indeed, a^^iXj^i ^ {1 < i < kj — 1) would imply that bUj^iXj^i = Xj^i for some 
b G R (note that Rx-y^i < M is simple), whence 

= v{x-f,i) = ba^^iifix^^i) = ba^^iX^^i+i = 

can be derived, a contradiction. It follows that 

ker(<^) = e Rxj^k^ 

and dimi?(ker((/p)) = |r| in case of a finite F. The following is one of the main 
results in [11]. 

2.1. Theorem. Let (/? : M — > M be an R-endomorphism of the left R-module 

rM . Then the following are equivalent. 

(1) rM is a semisimple left R-module and (p is nilpotent. 

(2) There exists a nilpotent Jordan normal base of rM with respect to ip. 



2. 2. Proposition. Let ip : M — > M he a nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM. If {x^^i | 7 G F, 1 < i < k^} and 
{ys,j \ S € A,l < j < Is} are nilpotent Jordan normal bases of rM with respect 
to If, then there exists a bisection it : T — > A such that kj = Z^(-y) for all j G T. 
Thus the sizes of the blocks of a nilpotent Jordan normal base are unique up to a 
permutation of the blocks. 

Proof. We apply induction on the index of the nilpotency of ip. If tp = 0, then we 
have k-y = Is = 1 for all 7 G F, 5 e A, and 

e Rx-y 1 = e Rys 1 = M 
■yer 5eA 

implies the existence of a bijection n : F — > A (Krull-Schmidt, Kurosh-Ore). 

Assiime that our statement holds for any i?-endomorphism d : TV — > N with 
rN being a finitely generated semisimple left i?-module and (/)"^'^ 7^ = <p"'~^. 
Consider the situation described in the proposition with (^"~^ ^ = cp", then 

im((p) = © Rx-y ii 
ier',2<i'<k.y 

ensures that 

{a;^,i' I 7 G F', 2 < i' < k^} 
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is a nilpotent Jordan normal base of the left i?-submodule im{(p) < M oi rM with 
respect to the restricted iJ-endomorphism <^ : im{ip) — > ini(<^). The same holds 
for 

{ys,,, \ 6eA',2<j'<ls}. 
Since we have 7^ = (^"~^ for ^ = ip \ im(<^), our assumption ensures the 
existence of a bijection tt : T' — > A' such that fc-y — 1 = — 1 for all 7 e F'. In 
view of 

ker((p) = © Rx~fh = ® Rys,h 

we obtain that |r| = |A| (KruU-Schmidt, Kurosh-Ore), whence |r \ r'| = |A \ A'| 
follows. Thus we have a bijection tt* : F \ F' — > A \ A' and the natural map 

TT U TT* : F' U (F \ F') — . A' U (A \ A') 

is a bijection with the desired property. □ 

Wc call a nilpotent clement s <E S of the ring 5* decomposable if es = se holds for 
some idempotent element e G S {e^ = e) with ^ e ^ 1. A nilpotent element 
which is not decomposable is called indecomposable. 

2. 3. Proposition. Let (p : M — > M be a nonzero nilpotent R-endomorphism of 
the semisimple left R-module rM. Then the following are equivalent. 

(1) There is a nilpotent Jordan normal base {xi | 1 < i < 0/ rM with 
respect to consisting of one block (thus |r| = 1 for any nilpotent Jordan 
normal base {a;^,i | 7 € F, 1 < i < k^} of rM with respect to ^p). 

(2) (/? is an indecomposable nilpotent element of the ring Homij(M, M). 

(3) rM is finitely generated and ip'^~^ ^ 0, where d = dimfl(M) is the di- 
mension of rM. 

Proof. 

(1)^(3): Clearly, 

© Rxi = M 

l<i<n 

implies that we have d = n for the dimension of rM, whence 

^<*-i(a;i)=vp"-i(a;i)=a;„7^0 

follows. 

(3)^>(1): Let {x-y^i | 7 6 F, 1 < i < k^} be a nilpotent Jordan normal base of rM 
with respect to ip. Suppose that |F| > 2, then 

n = max{fc^ | 7 e F} < d — 1, 

where d= J^^j = dmiR{M). Thus ip'^~^ = (^('^-i)-" o = 0, a contradiction. 

(1)=>(2): Suppose that e o ip — (p o s holds for some idempotent endomorphism 
e e Homij(M, M) with ^ £ 7^ 1. Then 

im(ir) © im(l - e) = M 

for the non-zero (semisimple) i?-submodules im(e) and im(l — e) of rM. Now 
e o (p> = ip o s ensures that tp : im{e) — > im(£) and ip : im(l — e) — > im(l — e). 
Since these restricted i?-cndomorphisms arc nilpotent, wc have a nilpotent Jordan 
normal base of im(£) with respect to ip \ im(£) and a nilpotent Jordan normal base 
of im(l — e) with respect to (p> \ im(l — e). The union of these two bases gives a 
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nilpotent Jordan normal base of M with respect to (p consisting of more than one 
block, a contradiction (the direct sum property of the new base is a consequence of 
the modularity of the submodule lattice of rM). 

(2)=>(1): Suppose that {x^^i | 7 G F, 1 < z < k^} is a nilpotent Jordan normal 
base of hM with respect to (p with |r| > 2 and fix an element ^ € F. Consider the 
non-zero yi-invariant -R-submodules 

N^= © Rxs,i and N^' = © Rx^,i , 

l<i<ks jer\{5},l<i<k-, 

then M = Ng (B N'^' and define £5 : M — > M as the natural projection of M onto 
Ny Then es{u) = u', where u = u' + u" is the unique sum presentation of u S M 
with u' G N'g and u" G Ng. It is straightforward to see that sso£g = es,0^£s^l 
and £s o (f = If o es hold. □ 

3. THE MODULE STRUCTURE INDUCED BY AN ENDOMORPHISM 

Let R[z] denote the ring of polynomials of the commuting indeterminate z with 
coefficients in R. The ideal {z'^) = R[z]z'^ = z''R[z] < R[z] generated by z'' will be 
considered in the sequel, li p : M — > M is an arbitrary i?-endomorphism of the 
left i?-module rM, then for m G M and 

f{z) = oi + 022 H 1- a„+i2" G R[z] 

(unusual use of indices!) the left multiplication 

f{z) *u = aiu + a2(p{u) H h a„+i(/j"(M) 

defines a natural left ii[2;]-module structure on M. This left action of R[z] on M 
extends the left action of R on rM. Note that 

2;" * = (/j"(u) and <p{f{z) *u) = {zf{z)) * u. 

For any ii-endomorphism i/j G Homi^(M, M) with o (p = ip o i/j we have 

tlj{f{z) * u) = f(z) * ijj(u) 

and hence ij: : M — > M is an i?[z]-endomorphism of the left i?[z]-module r[z]M. 
On the other hand, \i %j} : M — > M is an i?[2]-endomorphism of /{[^jM, then 

ip{tp{u)) = ip{z * u) ~ z * ip{u) — p{'ip{u)) 

implies that ip o ip = (p o i/j. The centralizer 

Cen((p) = {ip \ip Q Homi{(M, M) and i/j o ip = (p o tp} 

of is a Z(i?)-subalgebra of Homi{(M, M) and the argument above gives that 

Cen(<^) =Homjj[^](M,M). 

For a set F ^ 0, the F-copower of the ring R[z] is an ideal of the F- 

direct power ring consisting of all elements f = {fj{z))j^r with a finite set 

{7 G r I fy{z) 7^ 0} of non-zero coordinates. The power (copower) has a natural 
(i?[z], i?[z])-bimodule structure. If F is finite, then 

{R[z]f=l[R[z] = l[R[z]. 
7er 7er 
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If {x-y^i I 7 e r, 1 < i < A;^} is a nilpotent Jordan normal base of rM with respect 
to a nilpotent endomorphism tp, then for an element f = {f^{z)).y^r with 

fy{z) = a^,i + aj^2Z H h a^,„^+ii;"^ 

the formula 

i>(f) = ^ a^,iX^,i = '^fi{z) * x^^i 
7er,i<i<fc^ 7er 

defines a function 

$ : \[R[z\ — >M. 

7er 

3.1. Proposition. For a nilpotent endomorphism S Homi{(M, M) oj the semisim- 
ple left R-module rM, the function ^ is a surjective left R[z] -homomorphism. We 
have (p($(f)) = ^{zf) for all f e and the kernel 

]J J(i?)[^] + {z''-) C ker($) <ii Y[R[z] 

is a left ideal of the power ( and hence of the copower) ring. If R is a local ring 
(R/J{R) is a division ring), then 

]Jj(ii)[^] + (^'=^)=ker($). 

7er 

Proof. Clearly, 

^ Rx^^i = M 
ier,i<i<ky 

implies that <E> is surjective. The second part of the defining formula gives that $ 
is a left i?[z]-homomorphism: 

*(5(2)f) = ^{g{z)f-,{z)) * x^^i = ^g{z) * {f^{z) * x^,i) = g{z) * *(f), 
7er 7er 

where g{z) G R[z]. We also have 

V(*(f)) = W * 2:7,1) = ^(^/7(2;)) * x^,i = ^{zf). 

7er 7er 

If f e ]J J(i?)[0] + (z'^y), then 
7er 

f^{z) = (a-y,i + a^^2Z + ■■■ + a^,k^z''-'-'^) + {a^^k^+iz''-' + ■■■ + a^,„^+iz"^) 

with a-y^i G J{R), 1 < i < kj. Since Rx^^i is simple, we have J{R)xj^i = {0}. Thus 
<p*^^(a;-y,i) = implies that f-yiz) * x-y^i = 0, whence $(f) — follows. Take an 
element g = {g-y{z))-y^r of the direct power and suppose that $(f) = in M. Then 

e Rx^ i = M 
7er,i<i<^ 

implies that a^^x-y^i = for all 7 G F and 1 < i < kj. Thus f-y{z) * x^^i = for all 
7 G r. It follows that 

*(gf) = Y,'^9t{z)fj{z)) * 3:7,1 = Y,9i{z) * {f^{z) * x^^i) = 0, 
7er 7er 



8 



VESSELIN DRENSKY, JENO SZIGETI, AND LEON VAN WYK 



whence gf e kcr($) can be deduced. 

If i? is a local ring and a^^iX-y^i = for some 1 < i < k.y, then a-y^i G J{R). Thus 
<I>(f) = implies that 

It follows that 

fG]Jj(i?)[z] + (z'=-). □ 

4. THE CENTRALIZER OF A NILPOTENT ENDOMORPHISM 

Let X = {xj^i I 7 G r, 1 < z < fc-y} be a nilpotent Jordan normal base of rM with 
respect to the nilpotent endomorphism (f G Homii(M, M). We keep the notations 
of the previous section and in the rest of the paper we assume that rM is finitely 
generated, i.e. that T is finite. 

A linear order on F, say F = {1,2,..., to}, allows us to view an element f = 
{f-y{z))j^r of as a 1 X m matrix (a row vector) over R[z]. For an m x m 

matrix P = [P(5,7(2)] in Mm{R[z]) the matrix product 

fP =J2f^{z)Ps 

of f and P is a 1 X TO matrix (row vector) in (i?[^;])'", where ps = {Ps,'y{z))-yer is 
the (5-th row vector of P and 

{{Ph=J2fsizMz). 

We define the subsets 

I{X) = {P G Mm{R[z]) I P = lp5,-y{z)] and ps^^iz) G J{R)[z]+{z''y) for all 6,j G F}, 

J\f{X) = {P G Mm{R[z]) I P = b«,7(^)] and z'''ps,j{z) G J{R)[z]+{z'''') for all (5,7 G F} 
and 

M{X) = {P G Mm{R[z]) I fP G ker($) for all f G ker($)} 

of Mm{R[z]). Note that I{X) and A/'CX) are i?[^])-sub-bimodules o{Mm{R[z]) 
in a natural way. 

For (5, 7 G F let ks^-y = — kg when 1 < ks < k^ < n and kg^-y = otherwise. 
It can be verified, that the condition z''^ps,^{z) G J{R)[z] + {z'^'^) is equivalent to 
P5,-yiz) G J{R)[z] + {z'''-''). Note that z° = 1 and {z°) = R[z]. 

4.1. Remark. If Es^-y denotes the mxm standard matrix unit over R[z] with 1 in 
the ((5, 7) entry and zeros in the other entries, then Es,^ G A/'(X) for all ^, 7 G F 

with kg > kry. 

4.2. Lemma. I{X) <; Mm{R[z]) is a left ideal, N{X) C Mm{,R[z\) is a suhring, 
I{X) < J^{X) is an ideal and M{X) is a Z{R)-subalgebra of MmiR[z]). If R is 
a local ring, then M{X) = A4{X). 

Proof. For the elements P = [p5,.y(i;)] and Q = [95,7 (-2)] of Mm{R[z]) take PQ = 
[rs,-t{z)], where 

r5,j{z) = ^ps,T{z)qT,^{z). 
-rer 
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If Q e I{X), then 9^,7(2) G J(R)[z] + {z'"'') and J(R)[z] + (z*^^) <] imply that 
rs^^iz) e J(i?)[2] + (z*^^). Thus PQ G and J{X) is a left ideal of M„(i?[z]). 
If P, Q G Af{X), then z'=''p5,r(^) G JiR)[z] + {z''-) and z'=-gT-,^(^) G J(i?)[^i + (2'=-^) 
for all (5, T, 7 G r. It follows that 

Z^'psAz) ^ gsAz) + z''-hs,r{z) 

with gs^r{z) G J(i?)[2:] and /i5,r(^) G -R[z]- Thus 

^{9sA^)lr,^i^) + h6Az)z''''qT,j{z)) 

tGF 

and z^^qr.-yiz) G J(-R)[z] + (z*^"*) ensure that z'=''r5.,^(z) is in J{R)[z] + {z'^' ). Con- 
sequently, wo obtain that PQ G Af{X). Hence N'iX) is a subring of Mm{R[z]). 
If P G XiX) and Q G JV{X), then p^,r(z) G J(-R)[^] + {z''-) and G 
J{R)[z] + {z''-') for ah (5, r, 7 G T. It follows that 

PS,Tiz) = Us,r{z) + z''^Vs,t{z) 

with us,r{z) G J(i?)[z] and vs^riz) G i?[z]. Thus 

'''5,7(^) = ^PS,T{z)qr,j{z) = ^{us^r{z) + z''^ VS,T{z))qr,j{z) = 
'^{Us,r{z)qr,^{z) + Vs,t{z)z''^ qr,^{z)) 

and z'^^qr,'y{z) G J{R)[z] + (z'^i) ensure that rs^-yiz) is in J{R)[z] + (z'^t). Conse- 
quently, we obtain that PQ G I{X). Hence T{X) is an ideal of M{X). 
If P, Q G M{X), f G ker($) and c G Z{R), then 

4>(f (cP)) = 3>(c(fP)) = c$(fP) = 0, 

$(f (P + Q)) = $(fP + fQ) = $(fP) -f- $(fQ) = 

and fP G ker($) implies that 

$(f(PQ)) = <l>((fP)Q) = 0, 

whence f(PQ) G ker($) follows. Thus cP,P + Q,PQ G M{X), proving that 

M{X) is a Z(i?)-subalgebra of M„(i?[z]). 

If -R is a local ring, then Proposition 3.1 gives that 

ker($) = ]Jj(ii)[z] + (z'=^). 
7er 

Now 65 G ker($), where denotes the vector with z'^^ in its ^-coordinate and zeros 

in all other places. 

If P G then e^P G ker($) implies that z'^'psAz) e JiR)[z] + {z'''') for ah 

(5, 7 G r, whence P G J^{X) follows. 

If P G Af{X) and f G ker($), then z'"^p5,y{z) G J(i?)[z] + (z'=^) for aU 7 G T and 
f-yiz) = .g-y(z) -I- z'^-'h-y{z) with g-y{z) G J{R)[z] and h-y{z) G R[z]. Thus 

(fP)^ = Y,i9s{z) + z'''hs{z))psAz) = ^9s{z)psAz) + hs{z)z^'psAz) 
is in J{R)[z\ + (z'=-^), whence fP G ker($) and V & M{X) follows. □ 
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4. 3. Lemma. // the centre Z{R) of the ring R is a field such that R/J{R) is 
finite dimensional over Z{R), then we can exhibit a vector space base of the factor 
Z{R)-algebra Af{X)/I{X) as 

{btz'-Es-f+IiX) I 5,7 e r, ks-f < z < fc^ - 1 and 1 < t < [R/J{R) : Z{R)]}, 

where the bt 's are fixed elements of R such that 

{bt + J(i?) I 1 < t < [R/J{R) ■■ Z{R)]} 

is a vector space base of R/J(R) over Z{R). Hence 

dlraz^n){M{X)/I{X)) = [R/J{R) : Z{R)] ^ {k^ - kg,^). 

Using T = {1,2, ... ,m} and the assumption that fci > ^2 > . . . > fcm > 1, we 
obtain that 

dini^(^)(A/-(X)/I(X)) = [R/J{R) : Z{R)]{ki + 3^2 + • • • + (2m - 1)A;„). 

Proof. If P = is in J^{X), then P5,j{z) G J{R)[z] + {z''^-'^) as observed 

earlier. Thus we have 

\ks^y<i<ky — l J 

for some fsrX^) ^ o,g,i,i € and 9&,i^^^ ^ R\z\. In view of the definition 

of T-iX) we have 

P + J(X) = X (a5,^,i2^E5,^ + T{X) ) = 

[R/J{R):Z{R)] 

J2 E Ct{S,^,i){btz'Es,^+I{X)), 

S,jer,ks,.y<i<k.y-1 t=l 

where 

[R/J{R):Z{R)] 

+ J(i?)= Yl ct{5,j,i){bt + JiR)) 
t=i 

for some c, ((5. 7:?) G Z{R). Therefore the coscts 6tZ^E5,^+T(X) generate 7V(X)/X(X) 
over Z{R). It is straightforward to check the Z(i?)-hnear independence of these 
cosets. □ 

4. 4. Lemma. The ideal zMm{R[z]) < Mm{R[z]) is nilpotent modulo 1{X), more 
precisely we have [zMmiRlz]))^ C I{X), where n = niax{fc-y | 7 e F}. There is a 
natural isomorphism between the factor ring ^f{X)/ {N'{X) fl zMm{R[z])) +I{X) 

and the subring 

U{X) = {[/ = [wa^-y] I ws^^ e R/J{R) and ws^-y = ii 1 < kg < k^ < n} 
of Mm{R/J{R)): 

M{X)/ {J\f{X) n zMm{R[z]))+I{X) ^ U{X) 
and this is an {R,R)-bimodule isomorphism at the same time. The ideal 
{M{X) n zMm{R[z]))+I{X)/I{X) < M{X)/I{X) 
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is nilpotent with {J\f{X) n zMm{R[z]) + I{X)/I{X))"' = {0} and we have the fol- 
lowing isomorphism for the iterated factor: 

(Ar(X)/X(X))/(Ar(X)n^M„(i?[^])+J(X)/J(X))SAr(X)/(Ar(X)n^M„(i?[^])>Hr(X). 



Proof. Since any entry in the product of the matrices Qi , Q2 



with Qj = [29^'^ (^;)] is a sum of terms of the form 



,Q„ e zM„,{R[z]) 



.(2) 



.(2) 



zqll\, {z)zqfl^^ {z)... zq^^]^^ {z) = ^"gg^^ (^)gg^^ {z) ■ ■ ■ qf^^^ {z), 

which is in (2;"), and since (2;") C [z'''^) for each 7 e F, we obtain that 
{zM^{R[z\)Y CI{X). It follows that (j\A(X)n^M„(i?[2])+J(X)/J(X))" = {0}. 
If P = \p5,^{z)] is in M{X), then 

P5,-f{z) = US,j + Zf5,'y{z) + Z^^''' ivs^^ + zg5^^{z)) 

for some u^,^ G J{R)-, fs,i{z) S J{R)[z\, vs,-y € R and gs,-y{z) € R[z]. 
U 1 < ks < kj < n , then 1 < fc-y — A;^ = ks^-y and 

ps,^{z) - us,j = zfs,j{z) + z^''^{v5,^ + zgs,j{z)) G {J{R)[z] + {z'''-^)) n {zR[z]). 
Ifl <k-y <ks <n, then ks,^ = 0, z''''-^ = 1, {z'''--') = R[z] and 

ps,^{z) - {us^y + ^5,7) = zfs,^{z) + zgs,y{z)) G (J(i?)W + (z''^-^)) n {zR[z]). 
Thus G M„(i?) n7V(X), P-[W5,7] G A/'(X) n zM,n{R[z]) and 

P + amX) n zM„(i?[z])) = K7] + ((■A/'(^) n zM„(i?[z])) + J(X)) 

in Af{X)/ {Af{X) n zM™(i?[z])) where 

_ J M^^-y + w^^-y if 1 < A;-y < A;^ < n 
^^'"^ \ us^ry if 1 < fcj < fc^ < n 

If K.-y], K7] e M„(i?) n and 
K,^] + (Ar(X) n zMMz]))+AX) = [w'l^] + {N{X) n zMm{R[z]))+I{X), 



then 1/;^ 



(5,7 



J{R) 



J{R) obviously holds in R/J{R) (for all ^,7 G T). It 



follows that the assignment 

P + {M{X) n zM^{R[z\))+l{X) ^ K,^ + J(i?)] 
is well defined and gives an 

N{X)/ {N{X) n zM^{R[z\))+l{X) U{X) 
isomorphism. The isomorphism for the iterated factor is obvious. □ 

We note that, if F = {1, 2, . . . , m} and fci > A;2 > . . . > fcm > 1, then 



U{X) = 



R/J{R) R/J{R) 
R/J{R) 



R/J{R) R/J{R) 
R/J{R) 



•• •• R/J{R) R/J{R) 

••• r/j{r) 

is an upper triangular matrix algebra. In general, if /ci > ^2 > • • • > km > 1, then 
U{X) is a blocked upper triangular matrix algebra over R/J{R) and the T-ideal of 
the identities of is determined by Lewin's theorem (see [4]). 
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4.5. Lemma. For P G M{X) and f = {f-f{z))-feT in {R[z\f the formula 

^Ap(*(f)) - *(fP) 

properly defines an R-endomorphism ipp : M — > M of rM such that o <p = 
ifo^p. The assignment A(P) = tjjp gives an A4{X)°p — *• Cen{ip) homomorphism 
of Z{R)- algebras. 

Proof. Let g e iR[z])^ . If *(f) = $(g), then f - g e kei^*) implies that 
(f - g)P e kcr($), whence >I>(fP) = (E'(gP) follows. Since <I> is surjective, it follows 
that is well defined. It is straightforward to check that 

7/.p($(f) + $(g)) = iJpmf)) + i^Pms)) and ^Ap(r$(f)) = rV^p($(f)) 

for all f, g S and r € R. Thus ipp is an i?-endomorphism. In view of 

^p(<^($(f)) = * $(f)) = MHzf)) = mzf)p) = 

= $(^(fP)) = z * $(fP) = Z * ^P($(f)) = <^(V'p($(f))), 
the surjectivity of $ gives that ipp o ip = tp o ipp. Clearly, 

ipcP = cipp , ipp+Q = i>p +ipQ and V'PQ =i>Qoipp 

ensure that A is a homomorphism of Z(i?)-algebras. We deal only with the last 
identity: 

V;pQ($(f)) = $(f(PQ)) = $((iP)Q) = V'Q(*(fP)) = i'QiMm) 
proves our claim. □ 

4. 6. Lemma. I{X) C ker(A) (A is defined in Lemma 4.5). If R is a local ring 
then I{X) = ker(A). 

Proof. If P = [P'S.tI-^)] is element of and f = {f^{z))j^r is an element of 

{R[z])^, then ps,j{z) e J{R)[z] + [z^'^) implies that 

(fP)^ = Y.fs{z)ps,^{z) 

is in J{R)[z] + {z^~) for all 7 G F, whence fP G ker($) follows by Proposition 3.1. 
Since V'p(«'(f)) = $(fP) = 0, we obtain that A(P) = ■^p = 0, i.e. that P G ker(A). 
Thus the containment is proved. 

If R is a local ring and P G ker(A), then A(P) = '(/'p = impHes that V-'p('I'(f)) = 
$(fP) = for all f G {R[z\f. If Is denotes the vector in {R[z\f with 1 in its 
(5-coordinate and zeros in all other places, then l^P G ker(<I') and Proposition 3.1 
imply that G J{R)[z] + {z''~<). □ 

4.7. Lemma. If'ipoip — ipo'ij; holds for an R-endomorphism tp '■ M — »• M of 
rM, then there exists an m x m matrix P G M{X) such that 

^($(f)) = $(fP) 
for all f = {f^{z))^er in {R[z]f . 
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Proof. Since $ : — > M is surjective, for each (5 e F we can find an element 
P<5 = {ps,'y{z))'y<^T in such that $(p5) = ip{xs,i)- For the m x m matrix 

P = we have 

^(^(f)) = ^Hfsiz) * xs,i) = X]/*!^) * H^s,!) = * ^(P'S) = 

5er (Ser ser 

= J2^fs{z)ps) = ^{Y,f5{z)p5) = $(fP) 

Ser 6eT 

for aU f e {R[z])^. Since f G ker($) imphes that $(fP) = V'(«'(f)) = 0, we obtain 
that P e M{X). □ 

4. 8. Theorem. Let ip : M — > M be a nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM. Then A : A^(X)°p — > Cen((/?) (defined in 
Lemma 4-5) is a surjective homomorphism of Z{R)- algebras, where the centralizer 
Cen{ip) is a Z{R)-subalgebra of Homfl(M, M) and m = dimfl(ker((^)). 

Proof. Lemma 4.5 ensures that A : M-(X)°p — > Ccn{(p) is a homomorphism of 
Z(i?)-algebras. The surjectivity of A follows from Lemma 4.7. To conclude the 
proof it suffices to note that m = |r| = dimfl(ker((/3)). □ 

4. 9. Corollary. Let (p : M — > M be a nilpotent R-endomorphism of the finitely 
generated semisimple left R-module rM. Then Cen((^) satisfies all of the polyno- 
mial identities (with coefficients in Z{R) ) of {R[z]) . If R is commutative, then 
Cen((^) satisfies the standard identity S^m = Q of degree 2m by the Amitsur-Levitzki 
theorem. 

4. 10. Theorem. Let R be a local ring and : M — > M a nilpotent R-endomorphism 
of the finitely generated semisimple left R-module rM. Then the centralizer Cen{(p) 
of if is isomorphic to the opposite of the factor N{X)/X{X) as Z{R) -algebras: 

Cen(^) ^ {M{X)/I{X)f^ ^Af°P{X)/I{X). 

// = are polynomial identities of the Z{R)-subalgebra W^{X) of M^{R/J{R)) 
with fi e K{xi, . . . ,Xr), 1 < i < n, then /1/2 ■ ■ ■ fn = is an identity of Cen{ip) 
(here (p" = / p'^~^ and m = dimR{kev{ip))). 

Proof. Theorem 4.8 ensures that Cen{ip) ^ A^(X)°p/ ker(A) as Z(i?)-algebras. In 
order to prove the desired isomorphism, it suffices to note that for a local ring R 
we have M{X) ~ J^{X) and ker(A) = I{X) by Lemmas 4.2 and 4.6 respectively. 
Now Lemma 4.4 ensures that 

L = {N{X) n zM^{R[z]))+I{X)/X{X) <] J\f{X)/I{X) 

can be viewed as an ideal of Cen((p) such that L" = {0} and 

Cen(^)/L ^ (7V°P(X)/J(X))/L ^ N^'^iX)/ {Af{X) n zM^{R[z\))+I{X) ^ W{X). 

It follows that fi = Q is an identity of Cen(<p)/L. Thus fi{vi, . . . ,Vr) G L for all 
Vi, . . . ,Vr GCen((p), whence we obtain that /1/2 • • • /n = is an identity of Cen((p). 
□ 
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4. 11. Theorem. Let R he a local ring such that Z{R) is a field and R/ J{R) is 
finite dimensional over Z{R). If ip : M — > M is a nilpotent R-endomorphism of 
the finitely generated semisimple left R-module rM , then 

dim2(fl)(Ceii(^)) = [R/J{R) : Z{R)]{ki + Sfe + • • • + (2m - l)fc„), 

where ki > k2 > ■ ■ ■ > km > 1 are the sizes of the blocks of the nilpotent Jordan 
normal base X with respect to <p. 

Proof. By Theorem 4.10 we have 

Cen(v.) = {N{X)/I{X)r , 

and since 

diniz(fl) {Af{X)/I{X)r = dimz^H){Af{X)/I{X)), 
the result follows from Lemma 4.3. □ 

In the nilpotent case, Theorem 4.11 generalizes the formula for the dimension of 
the centralizer Cen{A) of a matrix A e Mn{K) over a field K (see [9,10]). 

5. FURTHER PROPERTIES OF THE CENTRALIZERS 

5.1. Theorem. If rM is semisimple and (fi : M — > M is an indecomposable 
nilpotent element of the ring Homi{(M, M), then the following are equivalent. 

(1) V e Gen{ip). 

(2) We can find an R-generating set {yj € M \ 1 < j < d} of rM and 
elements ai, a2, . . . , an in R such that 

aiyj + a2ip{yj) H h an^p^~'^{yj) = tpivj) 

and 

awiVj) + «2</?(</7(yj)) + • • • + a„(p""^(<yj(?/j)) = HviVj)) 
for all 1 < j < d. 

Proof. 

(1) =^(2): Obviously, ii if; G Cen{(p) then the first identity implies the second one. 
Proposition 2.3 ensures the existence of a nilpotent Jordan normal base {xi | 1 < 
i < n} of rM with respect to <^ consisting of one block. Clearly, © Rxi = M 

l<i<n 

implies that 

ip{xi) = aixi + aixi ^ 1- anXn = a\X\ + a2v(a;i) H V a„<p"~-^(a;i) 

for some ai, 02, . . . , fln € R. Thus 

'i\)[xi) = ■tlj{<fi'-'^{xi)) = ip'-'^{il>{xi)) = ^'-'^{aixi + a2(p{xi) + ■■■ + a„(^"-^(a;i)) = 

= ai^'"^(.xi)+a2<p(¥'*~^(a;i))H Uin'P'^~^{'fi''~^{xi)) = aiX{+a2<p{xi}\ kx„(^"~^(a;i) 

for all 1 < i < n. 

(2) =>(1): Since we have 

fii^iVj)) = 'PiaiVj + a2(p{yj) + h a„(/?""^(yj)) = 

= aiv?(%) + a2f{'f{yj)) H + a„(/j""^((/j(%)) = i^ifiyj)) 

for all 1 < j < d, the implication is proved. □ 
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5. 2. Corollary. // R is commutative, rM is semisimple and ip : M — > M is an 
indecomposable nilpotent element of the ring Honifl (M,M), then the following are 

equivalent. 

(1) V e Cen(^). 

(2) We can find elements ai, 02, . . . , a„ in R such that 

aiu + a2<p{u) H h a„<^"~^(u) = V'(w) 

for all u G M. In other words, ijj is a polynomial of ip. 

Proof. It suffices to prove that if ^ Ryj = M and 

i<j<d 

aiVj + a2ip{yj) H h a„(^""^(yj) = tpiyj) 

holds for all 1 < j < d, then we have 

ttiu + a2ip{u) + • • ■ + a„(/9"~"^(M) = tp{u) 

for all u G M. Since u = biyi + 622/2 + • • • + ^dj/d for some 61, 62, . . . , fed € R and 

bjUi = Oibj, we obtain that 

V'(w) = fej-^lyj) = fej(ai2/i +a2</?(%) H ^ a„(/?""^(%)) = 




X ) + 1- O-n^P 

l<]<d 



= aiU + a2(p{u) + h Gnf 



n-1 




5. 3. Theorem. Let R be a local ring. If (p : M — > M is a nilpotent R- 
endomorphism of the finitely generated semisimple left R-module rM and 
a G Rom ji{M,M) is arbitrary, then the following are equivalent. 

(1) Cen{tp) C Ccn((T). 

(2) We can find an R-generating set {yj S M | 1 < j < d} 0/ rM and 
elements ai, a2, . . . , a„ in R such that 

aitpiVj) + a2ip{tp{yj)) + ■■■ + a„</9""^(^(yj)) = (^{i^iVj)) 
for all 1 < j < d and all ip G Cen{ip) . 

Proof. 

(1)^(2): Obviously, if Cen(v.) C Cen(cr) then 

aiVj + a2(p{yj) H h anip'^~'^{yj) = a{yj) 

implies that 

aitpiVj) + a2ip{ipiyj)) + ■■■ + a„</9"-^(^(yj)) = 

for all Tp S Cen{ip). Theorem 2.1 ensures the existence of a nilpotent Jordan normal 
base {Xj^i | 7 G F, 1 < i < kj} of rM with respect to ip. Consider the natural 
projection es ■ M — > N'^ corresponding to the direct sum M = Ng® Ng (see the 
proof of 2.3), where 

N^= e Rxs i and N^' = Rxj j . 

l<i<ks -reT\{5},l<i<k^ 
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Then eg E Ccn((p), whence es E Ccn{a) follows for all 5 E T. Thus ini{es) = Ng 
and 

cr : im{es) — *■ im{es) 

implies that 

cr{xs,i) = ^ ag^iXs^i = hs{z) * xs,i 
l<i<ks 

for some hs{z) = as,i + as,2Z + • • • + as,ksz''^~^ in R[z]. Since £ Cen(cr) implies 
that a G Cen{ip), it follows that 

c^(*(f)) = ^(^iMz) * x^,i) = ^fj{z) * a{x^,i) = ^Mz) * {h^{z) * a;^,i) = 
-yer -yeT jeT 

where f G and H = ^ /),^.(z)E^...^ is a F x F diagonal matrix in A4(X) (note 

that H eM{X) is a consequence of a($(f)) = $(fH)). In view of Theorem 4.8, the 
containment Cen((p) C Cen(a) is equivalent to the condition that a o tjjp = tjjp o a 
for all P G M{X). Consequently, we obtain that Cen{(p) C Cen(cr) is equivalent to 

the following: 

$(fPH) = (T($(fP))) - a(V^p($(f))) = V^p(a($(f))) = ^p($(fH)) = $(fHP) 

for aU f G {R[z]f and P G M{X). Thus Ccn(<^) C Con(cr) implies that $(f(PH- 
HP)) = 0, i.e. that f (PH - HP) G kcr($) for all f and P. 
Now we use that i? is a local ring. If a G F is an index such that 

ka = maxj^- I 7 G F} = n, 

then 'Eiafi G M{X) for ah (5 G F (see Remark 4.1). Take e = (l)7er and P = Ea,5, 
then the J-coordinate of 

e(Ec,5H - HE„,5) = {hi{z) - /ia(^;))eE„,i 

is hi{z) — ho:{z). Since 

{hs{z) - /i„(0))eE„,5 e ker($) = ]J J(i?)[^] + (t'=-), 

7er 

we obtain that hs{z) - ha{z) G J{R)[z] + (z''-'). Thus 

c^ixs,i) = hs{z) * xg^i = ha{z) * Xs,l 
for all (5 G F. It follows that 

cr{x^,i) = a{(/~'^{x^^i)) = (/^'^{a{x^^i)) = (/^^{ha{z) * x^^i) = 

= ha{z) * (/7'~^(x^,l) = ha{z) * = tt^X^^i + a2tp{x^,i) H h anip"'~^{x^,i), 

where ha{z) = ai + a2Z + • • • + anz'^~^. 

(2)=>(1): {R is an arbitrary ring) Since 1m G Cen{ip), we obtain that 

aiVj + a2f(yj) H h an^p^'^iVj) = a{yj) 

for all 1 < j < d. li tp E Cen{(f), then 

V'(o-(l/i)) = V'(aiyj + a2(p{yj) H + a„(^""^(?/j)) = 

= ai-ipiVj) + a2f{i'{yj)) H h anf"^^ {^{yj)) = (7{ip{yj)) 

for all 1 < i < rf, whence ip o a = a o ip follows. Thus Cen(y>) C Cen(cr). □ 
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6. THE CENTRALIZER OF AN ARBITRARY LINEAR MAP 

If the field K is arbitrary and E is an extension of -fT, we may assume that M„ [K) C 
Mn{E). Let us denote the centralizers of A e Mn{K) in Mn{K) and in Mn{E) by 
Cenx(A) and Cen^;(j4), respectively. Since 

Mr,{E) ^ E MniK), 

we obtain that 

Cen£;(A) = EiS>K CcnK(A). 
If the field K is infinite, then the -RT-algebra S and the -E-algebra E ®k S have the 
same polynomial identities. If Tk{S) C K{xi, . . . ,a;„, ...) and 

Te{E ^kS)CE K{xi, ...,Xn, ...) = E{xi, ...,Xn, ...) 

are the T-ideals of the -fT-algebra S and the i^-algebra E S, respectively, then 

T{E ®K S) = E®K T{S). 

If the field K is finite, this holds for the multilinear identities only. Hence the 
information on the (at least multilinear) polynomial identities of Cen(^) for K 
arbitrary can be derived from the case when K is algebraically closed. 
If {Ai, A2, . . . , \r} is the set of all eigenvalues of A, then Ccn(A) is isomorphic to 
the direct product of the centralizers Cen(Aj), where denotes the block diagonal 
matrix consisting of all Jordan blocks of A having eigenvalue Aj in the diagonal. 
The number of the diagonal blocks in Ai is dim(kcr(Ai — Xili)), and the size of Ai 
is diXdi, where di is the multiplicity of the root Aj in the characteristic polynomial 
of A. Since 

Cen(^i) = Cen(^i - XJi) 

and Ai—Xili is nilpotent in M^^ (K) , we shall consider the case of a nilpotent matrix. 
We note that a multiplicative {K vector space) base of Cen{A) was constructed in 
[8], where it was also proved that Cen{A) is uniquely determined by the block 
structure of the Jordan normal form of A. 

6.1. Theorem. Let A £ Md{K) he a nilpotent matrix and let J(Cen(A)) he the 
Jacobson radical of Gen{A). The elementary Jordan matrices in the canonical 
Jordan form of A are indexed by the elements of T = {1,2,..., m} and we have 
ki > k2 > ■ ■ ■ > km > ^ for the sizes of these elementary Jordan blocks. Then 

Cen{A)/J{Cen{A)) ^ Mp,{K) ® ■ ■ ■ ® Mp^{K) 

for some u, where Pe is the number of elementary Jordan matrices of size ex e and 
Mp^{K) = {0} if Pe = 0. The index of nilpotency of J(Cen(A)) is bounded from 
above by nv, where n = max{fci | i € F} and v is the number of different sizes. 

Proof. The matrix A can be considered as a nilpotent if-linear map of the vector 
space K'^. The Jordan normal form of A provides a nilpotent Jordan normal base 
in K''^ with block sizes fci > ^2 > . . . > k„i > 1. Now kij = kj — ki when 
1 < ki < kj < n and kij = otherwise. The application of Theorem 4.10 gives an 
isomorphism Cen(A) ^ {J\f{X)/I{X))''^ ^ J\r°P{X)/I{X) of i^-algebras, where 

^^{X) = {P G Mm{K[z]) I P = \pij{z)] and z'''pij{z) e {z''^) for all 1 < i,j < m}, 
I{X) = {P GMm{K[z])\'P = \pi,j{z)] and pij{z) e {z''^) for all 1 < i,i < m} 
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and z^^pij{z) G {z^^) is equivalent to Pi.j(z) G (z'^'-j) (see the three sentences 
preceding Remark 4.1). Let Ti = K[z]/ {z'^'), and denote by the same symbol z the 
element z + {z''') of Tj. Take lij = kj^i for all i,j€T and consider the set 



Ca 



of m X m matrices, where the Eij^s are the usual matrix units in Mm{K). It is 

straightforward to see that the natural matrix addition and multiplication give a 
iC-algebra structure on Ca- Using a matrix P = \pij{z)] in J\f{X), the map 



P+T{X)^\pij{z) + {z''')] 



(here ^ denotes the transpose) is well defined and provides a,nJ\f°^{X)/X{X) —>■ Ca 
isomorphism of if-algebras, whence 

Cen(A) ^ Ca 

can be derived. Recall that the Jacobson radical of a finite dimensional algebra is 
equal to the maximal nilpotent ideal of the algebra. Since fci > ^2 > • • • > fcm, the 
ii'[2:]-module 



Ta^ 



T2 T2 



'-m m 



T2 



satisfies z''^Ta={0}. The intersection I=zTAriCA is an ideal of Ca and /"=/*i={0}. 
Hence I C J(C^). Since = ki — kj when i < j and Zj^- = if i > j or fcj = fcj, 
we obtain that 



Ca/I 



K ■■ 

K ■■ 

K ■■ 

K ■■ 

K ■■ 

K ■■ 



K 

K 

K K 

K K 

K K 

K K 




K 

K 

K 

K 



K 



K 



K 



K 
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Here the diagonal blocks 

'K ■■■ K 

K ■■■ K 

K ■■■ K 
K ■■■ K 

K ■■■ K 
K ■■■ K_ 

are matrix algebras of size pi Pi,P2 ^ P2 - ■ ■ ■ iPu ^ Pu- The number of blocks 
is equal to the number v of different sizes of elementary Jordan matrices in the 
canonical Jordan form of A. Hence the lower triangular part of C^Z-f 



K ■■■ K 



K ■■■ K 

K ■■■ K K ■■■ K 

K ■■■ K K ■■■ K 

consists oiv XV lower triangular block matrices, is nilpotent of index v and is equal 
to the radical of Ca/I- Hence {J{CaY)^ c J" = {0} and the class of nilpotency of 
J{Ca) is bounded by nv. Clearly 

Ca/J{Ca) = Mp,{K) (S) ■ ■ ■ ® Mp^{K). □ 



We note that when K is of characteristic 0, algebras of the type 



Rt 



K[z]/{z') 
zK[z]/{z') 



zK[z]/{z*j 
K[z]/{z') 



appeared in the description of the T-ideals T{S) of K{xi, . . . , a;„) containing T(M2{K)) 
(see [2]). For every unitary algebra S such that the T-ideal T{S) strictly contains 
T{M2{K)) there exists a nilpotent algebra N such that T{S) = T{Rt N'^) for a 
suitable t, where the algebra iV'' is obtained from N by formal adjoint of 1. (Another 
description of T{S) D T{M2{K)) was given by Kemer [7].) The algebra i?3 appears 
also in noncommutative invariant theory (see [3]). The algebra of G-invariants 

{K{xu . . .,Xn)/{K{xu . . . , n T{S))f, n > 2, 
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is finitely generated for every finite subgroup G of GLn{K) if and only if T(S) is 
not contained in T(i?3). 

For a background on algebras with polynomial identity see e.g. the book by Gi- 
ambruno and Zaicev [4]. Recall that the Pl-degree Pldeg(S') of a Pl-algebra S is 
equal to the maximal p such that the multilinear polynomial identities of S follow 
from the multilinear polynomial identities of Mp{K). 

6. 2. Corollary. Let A be an n x n matrix over an arbitrary field K and let p be 

the maximal number of equal elementary Jordan matrices in the canonical Jordan 
form of A over the algebraic closure of K . Then 

PIdeg(Cen(A)) = p. 

Proof. Let 

n 

and let E be the algebraic closure of K. The centralizer Cenx(A) C Mn{K) consists 
of all matrices 

n 

B = V ^ijEij G Mn{K), ^ij e K, 



such that 




i,k=i \]=i J i,k=i \j=i J 

Hence the entries ^ij of B are the solutions of the system of homogeneous linear 
equations 

n n 
^ ^ ^i,jCj,k ~ ^ ^ ^ij^jjk^ i^h = 1, . . . , 71. 

The dimension dim^f (Ceni<-(A)) of Cen/^ (A) over K is equal to the dimension n'^—r 
of the vector space of the solutions of the system, where r is the rank of the matrix 
of the system. Since CeiiEiA) is obtained from the same homogeneous linear system 
but considered over E, we derive that 

dimE{GenE{A)) = dimx(Cenx(^)), 

Cenii;(^) "^E^K CenK{A). 

It is well known that the extension of the base field preserves the Pl-degree of 

the algebra and we may assume that K is algebraically closed. Then for a finite 
dimensional K-algebra S with Jacobson radical J the Pl-degree of S is equal to the 
maximal size of the matrix subalgebras of S/ J. Applying Theorem 6.1 we complete 
the proof. □ 



The algebra C^, as presented in the proof of Theorem 6.1, has a natural Z-grading 

assuming that the variable z has degree 1. The component of degree is isomorphic 
to the factor algebra Ca/ I- In characteristic this algebra has several remarkable 
properties obtained by Giambruno and Zaicev (see [4] for detailed exposition). 
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It plays a key role in their result about the exponent of Pl-algebras. If c„(i?), 
n = 0, 1, 2, . . ., is the codimension sequence of the Pl-algebra R, then 



exp(i?) = lim ^Cn{R) 

n—*OG 

exists and is a nonncgativc integer. The algebras Ca/I arc also minimal of given 
exponent. If i? is a finitely generated Pl-algcbra with the property that exp(i?) > 
exp(S') for any Pl-algebra S such that the polynomial identities of S strictly contain 
the polynomial identities of R, then the polynomial identities of R coincide with 
the polynomial identities of one of the algebras Ca/I- 
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